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SEMICLASSICAL EIGENVALUE ASYMPTOTICS FOR THE
BOCHNER LAPLACIAN OF A POSITIVE LINE BUNDLE
ON A SYMPLECTIC MANIFOLD
YURI A. KORDYUKOV
Abstract. We consider the Bochner Laplacian on high tensor powers
of a positive line bundle on a closed symplectic manifold (or, equiva-
lently, the semiclassical magnetic Schro¨dinger operator with the non-
degenerate magnetic field). We assume that the operator has discrete
wells. The main result of the paper states asymptotic expansions for its
low-lying eigenvalues.
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1. Introduction
Let (X, g) be a compact Riemannian manifold of dimension d without
boundary and let (L, hL) be a Hermitian line bundle on X with a Hermitian
connection ∇L. For any p ∈ N, let Lp := L⊗p be the pth tensor power of L
and let
∇Lp : C∞(X,Lp)→ C∞(X,T ∗X ⊗ Lp)
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be the Hermitian connection on Lp induced by ∇L. Consider the induced
Bochner Laplacian ∆L
p
acting on C∞(X,Lp) by
∆L
p
=
(∇Lp)∗∇Lp ,
where
(∇Lp)∗ : C∞(X,T ∗X ⊗ Lp) → C∞(X,Lp) is the formal adjoint of
∇Lp . If {ej}j=1,...,d is a local orthonormal frame of TX, then ∆Lp is given
by
∆L
p
= −
d∑
j=1
[
(∇Lpej )2 −∇L
p
∇TXej ej
]
,
where ∇TX is the Levi-Civita connection of the metric g.
We are interested in the asymptotic behavior of the low-lying eigenvalues
of the operator ∆L
p
as p → ∞ (in the semiclassical limit). This prob-
lem is closely related with a similar problem for the semiclassical magnetic
Schro¨dinger operator and was studied by many authors. For discussions
about the subject, the reader is referred to the books and reviews [3, 5, 7, 20]
and recent papers [13, 18, 19] (and the bibliography therein).
In this paper, we study the problem in a particular setting. Consider the
real-valued closed 2-form ω given by
(1.1) ω =
i
2π
RL,
where RL is the curvature of the connection ∇L defined as RL = (∇L)2.
We assume that the 2-form ω is non-degenerate. Thus, X is a symplectic
manifold. In particular, its dimension is even, d = 2n, n ∈ N.
Let J0 : TX → TX be a skew-adjoint operator such that
ω(u, v) = g(J0u, v), u, v ∈ TX.
Consider the function τ on X given by
τ(x) = πTr[(−J20 (x))1/2], x ∈ X.
In general, τ is only continuous, but, if ω is of constant rank, then it is
smooth. Put
τ0 = inf
x∈X
τ(x) > 0.
Our main assumption is the following assumption of discrete wells:
Assumption 1. Each minimum x0 ∈ X of τ , τ(x0) = τ0, is non-degenerate:
Hess τ(x0) > 0.
With each non-degenerate minimum x0 of τ , one can associate the model
operator Dx0 in L2(Tx0X) as follows.
Consider a second order differential operator Lx0 in C∞(Tx0X) given by
(1.2) Lx0 = −
2n∑
j=1
(
∇ej +
1
2
RLx0(Z, ej)
)2
− τ(x0),
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where {ej}j=1,...,2n is an orthonormal base in Tx0X with the corresponding
coordinates on Tx0X
∼= R2n, Z ∈ R2n 7→ ∑2nj=1 Zjej ∈ Tx0X. Here, for
U ∈ Tx0X, we denote by ∇U the ordinary operator of differentiation in the
direction U on C∞(Tx0X). The operator Lx0 is well-defined, that is, it is
independent of the choice of {ej}j=1,...,2n.
Let P = Px0 be the orthogonal projection in L2(Tx0X) to the kernel
N = kerLx0 of the operator Lx0 . Its smooth Schwartz kernel Px0(Z,Z ′)
with respect to the Riemannian volume form dvTX on Tx0X is called the
Bergman kernel of Lx0 . It can be described explicitly (see, for instance, [16,
Section 1.4] for more details).
Consider the operator J : TX → TX given by
(1.3) J = J0(−J20 )−1/2.
Then J is an almost complex structure compatible with ω and g, that
is, g(Ju, Jv) = g(u, v), ω(Ju, Jv) = ω(u, v) and ω(u, Ju) ≥ 0 for any
u, v ∈ TX. The almost complex structure Jx0 : Tx0X → Tx0X induces
a splitting Tx0X ⊗R C = T (1,0)x0 X ⊕ T (0,1)x0 X, where T (1,0)x0 X and T (0,1)x0 X are
the eigenspaces of Jx0 corresponding to eigenvalues i and −i respectively.
Denote by detC the determinant function of the complex space T
(1,0)
x0 X. Put
Jx0 = −2πiJ0.
Then Jx0 : T (1,0)x0 X → T (1,0)x0 X is positive, and Jx0 : Tx0X → Tx0X is
skew-adjoint. The Bergman kernel Px0(Z,Z ′) is given by
(1.4) Px0(Z,Z ′)
=
detC Jx0
(2π)n
exp
(
−1
4
〈(J 2x0)1/2(Z − Z ′), (Z − Z ′)〉+
1
2
〈Jx0Z,Z ′〉
)
.
Choose an orthonormal basis {wj : j = 1, . . . , n} of T (1,0)x0 X, consisting of
eigenvectors of Jx0 :
Jx0wj = ajwj, j = 1, . . . , n,
with some aj > 0. Then e2j−1 = 1√2(wj + w¯j) and e2j =
i√
2
(wj − w¯j),
j = 1, . . . , n, form an orthonormal basis of Tx0X. We use this basis to
define the coordinates Z on Tx0X
∼= R2n as well as the complex coordinates
z on Cn ∼= R2n, zj = Z2j−1 + iZ2j , j = 1, . . . , n. In this coordinates, we get
(1.5) Px0(Z,Z ′) =
1
(2π)n
n∏
j=1
aj exp

−1
4
n∑
j=1
aj(|zj |2 + |z′j |2 − 2zj z¯′j)

 .
Denote by Qx0 the second order term in the Taylor expansion of τ at x0
(in normal coordinates near x0):
Qx0(Z) =
(
1
2
Hess τ(x0)Z,Z
)
=
∑
|α|=2
(∂ατ)x0
Zα
α!
, Z ∈ Tx0X ∼= R2n.
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It is a positive definite quadratic form on Tx0X.
We will also need a smooth function J1,2 on X, which appears in the
leading coefficient of the diagonal asymptotic expansion of the generalized
Bergman kernel associated with ∆L
p
. We refer the reader to Section 3.3 (in
particular, (3.27) and below) for details.
The model operator Dx0 associated with a non-degenerate minimum x0
of τ is the Toeplitz operator in L2(Tx0X) defined by
(1.6) Dx0 = Px0(Qx0(Z) + J1,2(x0)) : kerLx0 → kerLx0 .
It is an unbounded self-adjoint operator with discrete spectrum.
Under Assumption 1, the minimum set W = {x ∈ X : τ(x) = τ0} is a
finite set:
W = {x1, . . . , xN}.
Let D be the self-adjoint operator on L2(Tx1X) ⊕ . . . ⊕ L2(TxNX) defined
by
(1.7) D = Dx1 ⊕ . . .⊕DxN .
Denote by {µj} the increasing sequence of the eigenvalues of D (counted with
multiplicities) and by {λj(∆Lp)} the increasing sequence of the eigenvalues
of the operator ∆L
p
(counted with multiplicities).
Theorem 1.1. For any j ∈ N, we have
(1.8) λj(∆
Lp) = pτ0 + µj +O(p−1/2), p→∞.
If µj is a simple eigenvalue of D, then λj(∆Lp) admits a complete asymptotic
expansion
(1.9) λj(∆
Lp) = pτ0 + µj +
∞∑
k=1
ak,jp
−k/2, p→∞.
In the case when the line bundle is trivial and the minimum is unique, a
similar result is obtained in the recent work [19] by a different method. In
dimension two, these results were obtained in [10, 6] (see also [8, 21] for the
case of excited states).
Remark 1.2. Recall the relation of our Bochner Laplacian with the semi-
classsical magnetic Schro¨dinger operator. Assume that the Hermitian line
bundle (L, hL) on X is trivial, that is, L = X × C and |(x, z)|2
hL
= |z|2
for (x, z) ∈ X × C. Then the Hermitian connection ∇L can be written as
∇L = d− iA with some real-valued 1-form A (the magnetic potential). Its
curvature RL is given by
(1.10) RL = −iB,
where B = dA is a real-valued 2-form (the magnetic field). For the form ω
defined by (1.1), we have
ω =
1
2π
B.
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The associated Bochner Laplacian ∆L
p
is related with the semiclassical mag-
netic Schro¨dinger operator
H~ = (i~d +A)∗(i~d +A), ~ > 0
by the formula
∆L
p
= ~2H~, ~ =
1
p
, p ∈ N.
Let B : TX → TX be a skew-adjoint endomorphism such that
B(u, v) = g(Bu, v), u, v ∈ TX.
Then we have
J0 =
1
2π
B, J = B(B∗B)−1/2, J = −iB.
Finally, the function τ coincides with the magnetic intensity:
τ =
1
2
Tr(B∗B)1/2 = Tr+(B).
The assumption that the 2-form ω is non-degenerate means that the mag-
netic field is non-degenerate. Assumption 1 states that the magnetic field
has discrete wells.
Remark 1.3. Recall the description of the Toeplitz operator T (Q) = PQ :
kerLx0 → kerLx0 in L2(R2n), where Q = Q(z, z¯) is a polynomial in Cn ∼=
R
2n, the operator Lx0 is given by (1.2) and P is given by (1.5). We refer to
[13] for more details.
First, using a simple scaling, this operator is unitarily equivalent to the
Toeplitz operator T 0(P ) = ΠP in the Fock space Fn ⊂ L2(Cn; e− 12 |z|2dz)
with P given by
P (z, z¯) = Q
( √
2√
a1
z1, . . . ,
√
2√
an
zn,
√
2√
a1
z¯1, . . . ,
√
2√
an
z¯n
)
, z ∈ Cn.
Next, we use the well-known relation between the Bargmann-Fock and the
Schro¨dinger presentations via the Bargmann transform B : L2(Rn) → Fn.
In the terminology of [1], for a polynomial P in Cn, the operator B−1T 0(P )B
is the differential operator with polynomial coefficients in Rn with anti-Wick
symbol P (z¯, z). One can compute the Weyl symbol of this operator by the
well-known formula (see, for instance, [1]). In particular, if P is a positive
definite quadratic form, then
B−1T 0(P )B = Opw(P˜ ) + tr(P˜ )
2
,
where P˜ is a quadratic form on R2n ∼= T ∗Rn, corresponding to P under the
linear isomorphism (x, ξ) ∈ R2n 7→ z ∈ Cn, zk = 1√2(xk − iξk), k = 1, . . . , n,
Opw(P˜ ) is the pseudodifferential operator in R
n with Weyl symbol P˜ .
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In the case when n = 1 and Q is a positive definite quadratic form on
C ∼= R2, the eigenvalues of T (Q) are given by:
λj =
2
√
D
τ0
j +
A2
2τ0
, j = 0, 1, . . . ,
where D = detQ, A = trQ1/2.
The paper is organized as follows. In Section 2 we construct approxi-
mate eigenfunctions of the Bochner Laplacian ∆L
p
. This allows us to prove
upper bounds for its low-lying eigenvalues. In Section 3 we prove lower
bounds for the low-lying eigenvalues of ∆L
p
and complete the proof of The-
orem 1.1. The proof of lower bounds is based on several techniques. First,
we prove some Agmon type estimates and localization results for the asso-
ciated eigensections. Then we consider the renormalized Bochner Laplacian
∆p = ∆
Lp − pτ and the associated generalized Bergman projection PHp
[4, 16]. Under weak assumptions, we show the asymptotic behavior of the
low-lying eigenvalues of ∆L
p
is equivalent to the asymptotic behavior of the
low-lying eigenvalues of PHp∆L
p
PHp . Recall that PHp is the orthogonal pro-
jection to the eigenspace of ∆p, corresponding to the eigenvalues localized
near zero uniformly in p. Therefore, this result can be considered as the re-
duction of the problem to the lowest Landau level. Finally, we use the fact
that the operator PHp∆L
p
PHp belongs to the algebra of Toeplitz operators
on X associated with the renormalized Bochner Laplacian ∆p, which was
constructed in [11, 12]. We apply the results of [13] on eigenvalue asymp-
totics of the low-lying eigenvalues of Toeplitz operators with discrete wells
on symplectic manifolds.
2. Upper bounds
2.1. Approximate eigenfunctions: main result. The purpose of this
section is to prove the following accurate upper bound for the eigenvalues
of the operator ∆L
p
.
Theorem 2.1. Under Assumption 1, for any natural j, there exist φpj2 ∈
C∞(X), Cj,2 > 0 and pj,2 > 0 such that
(2.1) (φpj12, φ
p
j22
) = δj1j2 +Oj1,j2(p−1)
and, for any p > pj,2,
(2.2) ‖∆Lpφpj2 − (pτ0 + µj)φpj2‖ ≤ Cj,2p−
1
2‖φpj2‖,
where µj is the jth eigenvalue of D.
If, for some j, µj is a simple eigenvalue of Dx0 for some x0, then there
exists a sequence {µj,ℓ : ℓ = 0, 1, 2, . . .} with
µj,0 = τ0, µj,1 = 0, µj,2 = µj,
and for any N , there exist φpjN ∈ C∞(X), Cj,N > 0 and pj,N > 0 such that
(2.3) (φpj1N , φ
p
j2N
) = δj1j2 +Oj1,j2(p−1)
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and, for any p > pj,N ,
(2.4) ‖∆LpφpjN − µpjNφpjN‖ ≤ Cj,Np−
N−1
2 ‖φpjkN‖,
where
µpjN = p
N∑
ℓ=0
µj,ℓp
− ℓ
2
Since the operator ∆L
p
is self-adjoint, using Spectral Theorem, we imme-
diately deduce the existence of eigenvalues near the points µpjN .
Corollary 2.2. For any natural j, there exist Cj2 > 0 and pj2 > 0 such
that, for any p > pj2,
dist(pτ0 + µj , σ(∆
Lp)) ≤ Cj2p− 12 .
If, for some j, µj is a simple eigenvalue of D, then, for any natural N , there
exist CjN > 0 and pjN > 0 such that, for any p > pjN ,
dist(µpjN , σ(∆
Lp)) ≤ CjNp−
N−1
2 .
Remark 2.3. As an immediate consequence of Theorem 2.1, we deduce that,
for any natural j, there exist Cj2 > 0 and pj2 > 0 such that, for any p > pj2,
λj(∆
Lp) ≤ pτ0 + µj + Cj2p−
1
2 .
If, for some j, µj is a simple eigenvalue of D, then, for any natural N , there
exist CjN > 0 and pjN > 0 such that, for any p > pjN ,
λj(∆
Lp) ≤ µpjN + CjNp−
N−1
2 .
In particular, this implies the upper bound in Theorem 1.1.
The rest of this section is devoted to the proof of Theorem 2.1.
2.2. Rescaling and formal asymptotic expansions. Fix j ∈ N. With-
out loss of generality, we can assume that µj is an eigenvalue of Dx0 for some
x0 ∈W . The approximate eigensections φpjk ∈ C∞(X.Lp), which we are go-
ing to construct, will be supported in a small neighborhood of x0. So, in a
neighborhood of x0, we will consider some special local coordinate system
with coordinates Z ∈ R2n such that x0 corresponds to 0 and a trivialization
oof the line bundle L over it. We will only apply our operator on functions
which are a product of cut-off functions with functions of the form of linear
combinations of terms like p−νw(p1/2Z) with w in S(R2n). These functions
are consequently O(p−∞) outside a fixed neighborhood of 0. We will start by
doing the computations formally in the sense that everything is determined
modulo O(p−∞), and any smooth function will be replaced by its Taylor’s
expansion. It is then easy to construct non formal approximate eigenfunc-
tions. For the construction of the local coordinate system and computation
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of a formal asymptotic expansion of the Bochner Laplacian in rescaled nor-
mal coordinates, we will use results of [16, Sections 1.1 and 1.2], which are
inspired by the analytic localization technique of Bismut-Lebeau [2].
First, we introduce normal coordinates near x0. Let a
X be the injectiv-
ity radius of (X, g). We will identify BTx0X(0, aX) with BX(x0, a
X) by the
exponential map expX : Tx0X → X. For Z ∈ BTx0X(0, aX ) we identify
LZ to Lx0 by parallel transport with respect to the connection ∇L along
the curve γZ : [0, 1] ∋ u → expXx0(uZ). Consider the line bundle L0 with
fibers Lx0 on Tx0X. Denote by ∇L0 , hL0 the connection and the met-
ric on the restriction of L0 to B
Tx0X(0, aX ) induced by the identification
BTx0X(0, aX ) ∼= BX(x0, aX) and the trivialization of L over BTx0X(0, aX).
Let {ej}j=1,...,2n be an oriented orthonormal basis of Tx0X. It gives rise
to an isomorphism X0 := R
2n ∼= Tx0X. Denote by dvTX the Riemannian
volume form of (Tx0X, g
Tx0X) and by dvX the volume form on B
Tx0X(0, aX ),
corresponding to the Riemannian volume form on BX(x0, a
X) under iden-
tification BTx0X(0, aX ) ∼= BX(x0, aX). Then we have
dvX(Z) = κx0(Z)dvTX(Z), Z ∈ BTx0X(0, aX),
with some smooth positive function κx0 on B
Tx0X(0, aX ).
Now we use a rescaling introduced in [16, Section 1.2]. Denote t = 1√p .
For s ∈ C∞(R2n), set
Sts(Z) = s(Z/t), Z ∈ R2n.
The rescaled connection ∇t is defined as
∇t = tS−1t κ
1
2∇Lp0κ− 12St.
Let ΓL be the connection form of ∇L with respect to some fixed frames for
L which are parallel along the curves γZ : [0, 1] ∋ u→ expXx0(uZ) under the
chosen trivializations on BTx0X(0, aX ). Then on BTx0X(0, aX/t)
∇t,ei = κ
1
2 (tZ)
(
∇ei +
1
t
ΓL(ei)(tZ)
)
κ−
1
2 (tZ)
= ∇ei +
1
t
ΓL(ei)(tZ)− t
(
κ−1(eiκ)
)
(tZ).
Recall that∑
|α|=r
(∂αΓL)x0(ej)
Zα
α!
=
1
r + 1
∑
|α|=r−1
(∂αRL)x0(R, ej)
Zα
α!
.
where R(Z) = ∑2nj=1 Zjej ∈ R2n ∼= TZX0 denote the radial vector field on
X0. In particular,
ΓL(ej)(Z) =
1
2
RLx0(R, ej) +O(|Z|2).
For the rescaled operator Ht on BTx0X(0, aX/t) defined as
(2.5) Ht = t2S−1t κ
1
2∆L
p
κ−
1
2St,
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we get
Ht = −
2n∑
j,k=1
gjk(tZ)
[
∇t,ej∇t,ek − t
2n∑
ℓ=1
Γℓjk(tZ)∇t,eℓ
]
.
Let us develop the coefficients of the rescaled operator Ht in Taylor series
in t. The resulting asymptotic expansion is given in [16, Theorem 1.4]. For
any m ∈ N, we get
(2.6) Ht = H(0) +
m∑
j=1
H(j)tj +O(tm+1),
where there exists m′ ∈ N so that for every k ∈ N and t ∈ [0, 1] the deriva-
tives up to order k of the coefficients of the operator O(tm+1) are bounded
by Ctm+1(1 + |Z|)m′ .
The leading term H(0) is given by
H(0) = −
2n∑
j=1
(
∇ej +
1
2
RLx0(Z, ej)
)2
= Lx0 + τ0.
The spectrum of H(0) consists of discrete set of eigenvalues of infinite multli-
plicity (see, for instance, [16, Theorem 1.15]). In particular, the lowest
eigenvalue of H(0) is τ0.
For the next terms, we have
H(j) = Oj +
∑
|α|=j
(∂ατ)x0
Zα
α!
, j = 1, 2, . . . ,
whereOj are second order differential operators with polynomial coefficients.
In particular,
H(1) = O1, H(2) = O2 +Qx0(Z).
Explicit formulas for O1 and O2 are given in [16, Theorem 1.4]. We refer
the reader to [16] for more details.
2.3. Construction of approximate eigenfunctions. First, we construct
a formal eigenfunction ut of the operator Ht admitting an asymptotic ex-
pansion in the form of a formal asymptotic series in powers of t
ut =
∞∑
ℓ=0
uℓt
ℓ, u(ℓ) ∈ S(R2n),
with the corresponding formal eigenvalue
λt =
∞∑
ℓ=0
λℓt
ℓ,
such that
Htut − λtut = 0
in the sense of asymptotic series in powers of t.
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The first terms. Looking at the coefficient of t0, we obtain:
H(0)u0 = λ0u0 .
Thus, we take
(2.7) λ0 = τ0, u0 = Pu0 ∈ N, ‖u0‖ = 1,
where u0 will be determined later.
Looking at the coefficient of t1, we obtain:
H(0)u1 +H(1)u0 = λ0u1 + λ1u0 ⇔ Lx0u1 = λ1u0 −O1u0.
The orthogonality condition implies that
λ1 = PO1u0.
By [16, Thm 1.16], we have PO1P = 0. Therefore
λ1 = 0.
Under this condition, we get
(2.8) u1 = v1 + v
⊥
1 ,
where
v⊥1 = −L−1x0 O1u0
and v1 ∈ N , v1⊥u0, will be determined later.
Next, the cancelation of the coefficient of t2 gives:
(2.9) Lx0u2 = λ2u0 −O1u1 −H(2)u0.
The orthogonality condition for (2.9) implies that
(2.10) λ2u0 − PO1u1 − PH(2)u0 = 0.
Consider the operator Dx0 : N → N given by
(2.11) Dx0 = PH(2) −PO1L−1x0 O1.
Observe that
Dx0 = F1,2 + PQx0(Z),
where (cf. [16, Eq. (1.109)])
(2.12) F1,2 = PO2 − PO1L−1x0 O1.
One can show that the operator F1,2 : N → N is a scalar operator:
F1,2 = J1,2(x0) ∈ R,
with the function J1,2 ∈ C∞(X) mentioned in Introduction (see Section 3.3,
in particular, (3.27) and below). So this definition of Dx0 agrees with (1.6).
By (2.8), the equation (2.10) can be rewritten as
Dx0u0 = λ2u0.
Thus, we put
λ2 = µj,
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where µj is the fixed eigenvalue of Dx0 and
u0 = Ψj,
where Ψj ∈ N is a normalized eigenfunction of Dx0 associated to µj.
Moreover, we conclude that u2 is a solution of (2.9), which can be written
as
(2.13) u2 = v2 + v
⊥
2 ,
where v⊥2 ∈ N⊥ is a solution of (2.9):
v⊥2 = L−1x0 (λ2u0 − P⊥O1u1 − P⊥H(2)u0), P⊥ = 1− P,
and v2 ∈ N will be determined later. By (2.8) and (2.10), we have
v⊥2 = −L−1x0 P⊥O1v1 + f2,
where f2 is known:
f2 = L−1x0 (P⊥O1L−10 O1 − P⊥H(2))u0.
Now the cancelation of the coefficient of t3 gives:
(2.14) Lx0u3 = λ3u0 + λ2u1 −H(3)u0 −H(2)u1 −O1u2.
The orthogonality condition for (2.14) reads as
(2.15) λ3u0 + λ2v1 − PH(3)u0 − PH(2)u1 − PO1u2 = 0.
Using (2.8) and (2.13), it can be written as
(2.16) Dx0v1 − λ2v1
= λ3u0−PH(3)u0+PH(2)L−1x0 O1u0−PO1L−1x0 (P⊥O1L−1x0 O1−P⊥H(2))u0.
In general, this equation may have no solution for any choice of λ3. So
we have to stop here. Put
u
(2)
t = u0 + u1t+ u2t
2, λ
(1)
t = λ0 + λ2t
2.
Then we have
Htu(2)t − λ(2)t u(2)t = O(t3).
Assume that λ2 = µj is a simple eigenvalue of Dx0 . Then we can proceed
further. The equation (2.16) has a solution v1 if and only if:
λ3 = 〈(PH(3) − PH(2)L−1x0 O1 + PO1L−1x0 (P⊥O1L−1x0 O1 − P⊥H(2)))u0,Ψj〉.
Under this condition, there exists a unique solution v1 of (2.15), orthogonal
to Ψj.
With these choices, we find a solution u3 of (2.14) of the form
u3 = v3 + v
⊥
3 ,
where v⊥3 ∈ N⊥ is given by
v⊥3 = L−1x0 (λ2v⊥1 − P⊥H(3)u0 − P⊥H(2)u1 −P⊥O1u2),
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and v3 ∈ N will be determined later. Observe that v⊥3 has the form
v⊥3 = −L−1x0 P⊥O1v2 + f3,
where f3 is known:
f3 = L−1x0 (λ2v⊥1 − P⊥H(3)u0 −P⊥H(2)u1 − P⊥O1v⊥2 ).
The iteration procedure. Suppose that the coefficients of tℓ equal zero
for ℓ = 0, . . . , k − 1, for some k > 3. Then we know the coefficients λℓ for
ℓ = 0, . . . , k− 1. We also know that uℓ for ℓ = 0, . . . , k− 1 can be written as
(2.17) uℓ = vℓ + v
⊥
ℓ ,
where v⊥ℓ , ℓ = 0, . . . , k − 1, are some functions in N⊥ of the form
(2.18) v⊥ℓ = −L−1x0 P⊥O1vℓ−1 + fℓ,
with some known fℓ ∈ N⊥, and vℓ ∈ N are known for ℓ = 0, . . . , k − 3,
vℓ ⊥ Ψj.
The cancelation of the coefficient of tk gives:
(2.19) Lx0uk = λku0 −H(k)u0 +
k−1∑
ℓ=3
λℓuk−ℓ −
k−1∑
ℓ=3
H(ℓ)uk−ℓ
+ λ2uk−2 −H(2)uk−2 −O1uk−1.
The orthogonality condition for (2.19) reads as
(2.20) λku0 − PH(k)u0 +
k−1∑
ℓ=3
λℓvk−ℓ −
k−1∑
ℓ=3
PH(ℓ)uk−ℓ
+ λ2vk−2 − PH(2)uk−2 − PO1uk−1 = 0.
Using (2.17) and (2.18), (2.20) can be written as
(2.21) Dx0vk−2 − λ2vk−2 = λku0 −PH(k)u0 +
k−1∑
ℓ=3
λℓvk−ℓ −
k−1∑
ℓ=3
PH(ℓ)uk−ℓ
− PH(2)v⊥k−2 − PO1fk−1.
The equation (2.21) has a solution vk−2 if and only if:
λk = −
〈(
−PH(k)u0 −
k−1∑
ℓ=3
PH(ℓ)uk−ℓ − PH(2)v⊥k−2 − PO1fk−1
)
,Ψj
〉
.
Under this condition, there exists a unique solution vk−2 of (2.21), orthog-
onal to Ψj.
With these choices, we find a solution uk of (2.19) of the form
uk = vk + v
⊥
k ,
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where v⊥k ∈ N⊥ is given by
v⊥k = L−1x0
(
−P⊥H(k)u0 +
k−1∑
ℓ=2
λℓv
⊥
k−ℓ −
k−1∑
ℓ=2
P⊥H(ℓ)uk−ℓ − P⊥O1v⊥k−1
)
,
and vk ∈ N will be determined later. Observe that v⊥k has the form
v⊥k = −L−1x0 P⊥O1vk−1 + fk,
where fk is known:
fk = L−1x0
(
−P⊥H(k)u0 +
k−1∑
ℓ=2
λℓv
⊥
k−ℓ −
k−1∑
ℓ=2
P⊥H(ℓ)uk−ℓ
)
.
This completes the iteration step.
Thus, we have constructed an approximate eigenfunction ut of the opera-
torHt admitting an asymptotic expansion in the form of a formal asymptotic
series in powers of t
ut =
∞∑
ℓ=0
uℓt
ℓ, uℓ ∈ S(R2n),
with the corresponding formal eigenvalue
λt =
∞∑
ℓ=0
λℓt
ℓ,
For any N ∈ N, consider
u
(N)
t =
N∑
ℓ=0
uℓt
ℓ, λ
(N)
t =
N∑
ℓ=0
λℓt
ℓ.
Then we have
Htu(N)t − λ(N)t u(N)t = O(tN+1).
The constructed functions u
(N)
t have sufficient decay properties. There-
fore, by using (2.5), we obtain the desired functions φpjN ∈ C∞(X), which
satisfy (2.2) or (2.4), supported in BX(x0, a
X) ∼= BTx0X(0, aX ) and given
by
φpjN (Z) = χ(Z)κ
−1/2(Z)u(N)1/√p(
√
pZ),
where χ ∈ C∞c (BTx0X(0, aX)) is a fixed cut-off function.
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3. Lower bounds
In this section, we prove lower bounds for the eigenvalues of the Bochner
Laplaican ∆L
p
and complete the proof of Theorem 1.1. We start in Sec-
tion 3.1 with Agmon type estimates and localization results for the corre-
sponding eigenfuctions. In Section 3.2 we apply these results to show that,
under weak assumptions, the asymptotic behavior of the low-lying eigenval-
ues of ∆L
p
is equivalent to the asymptotic behavior of the low-lying eigen-
values of PHp∆L
p
PHp , where PHp is the generalized Bergman projection of
the renormalized Bochner Laplacion. Finally, in Section 3.3 we use the fact
that the operator PHp∆L
p
PHp belongs to the algebra of Toeplitz operators
on X associated with the renormalized Bochner Laplacian ∆p, which was
constructed in [11, 12]. The asymptotic behavior, in the semiclassical limit,
of low-lying eigenvalues of a self-adjoint Toeplitz operator under assumption
that its principal symbol has a non-degenerate minimum with discrete wells
was studied in [13]. We apply these results to get lower estimates for the
eigenvalues of PHp∆pPHp and complete the proof of Theorem 1.1.
3.1. Agmon estimates. First, we recall a general lower bound due to Ma
and Marinescu [15]. There exist p0 ∈ N and α0 ∈ C∞(X) such that for any
p ≥ p0
(3.1) (∆L
p
u, u) ≥
∫
X
(pτ(x) + α0(x))|u(x)|2dvX(x), u ∈ C∞(X,Lp).
It follows from Weitzenbo¨ck formula.
Let λp be a sequence of eigenvalues of ∆
Lp such that
(3.2) λp = pτ0 + µp, µp = O(1)
and up be an associated normalized eigenfunction.
Denote by φp(x) the Agmon distance of x ∈ X to the well
Up = {y ∈ X : p(τ(y)− τ0)− µp + α0(y) ≤ 0}
associated to the Agmon metric
Gp = [p(τ(y) − τ0)− µp + α0(y)]+g.
Recall the standard notation [x]+ = max(x, 0), [x]− = max(−x, 0) for x ∈ R.
Proposition 3.1. For any ε ∈ (0, 1), we have
(3.3) (1 − ε2)
∫
X
[p(τ(x)− τ0)− µp + α0(x)]+e2εφp(x)|up(x)|2dvX(x)
≤
∫
X
[p(τ(x) − τ0)− µp + α0(x)]−|up(x)|2dvX(x).
Proof. As in [9], we have the formula
(∆L
p
(eεφpup), e
εφpup)L2(X,Lp)
= λp‖eεφpup‖2L2(X,Lp) + ε2‖eεφpupdφp‖2L2(X,Lp⊗T ∗X).
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We observe that
|dφp(x)|gT∗X ≤ [p(τ(x)− τ0)− µp + α0(x)]+, x ∈ X.
By (3.1), we have
(∆L
p
(eεφpup), e
εφpup)L2(X,Lp) ≥ ((pτ + α0)eεφpup, eεφpup)L2(X,Lp).
Using these facts, one can easily complete the proof. 
Now we replace Assumption 1 with a more general assumption of non-
degenerate submanifold wells.
Assumption 2. The minimum set
W = {x0 ∈ X : τ(x0) = τ0}
is a smooth submanifold of X and there exists a0 > 0 such that
(3.4) τ(x)− τ0 ≥ a0d(x,W )2, x ∈ X,
where d(x,W ) is the geodesic distance from x to W .
For any ε > 0, denote by Wε the ε-neighborhood of W :
Wε = {x ∈ X : d(x,W ) ≤ ε}.
Lemma 3.2. Suppose that Assumption 2 holds. For any δ > 0, there exist
p0 ∈ N, c > 0, C > 0 and α > 0 such that, for any p > p0∫
X\W
cp−1/4+δ
|up(x)|2dvX(x) ≤ Ce−αp2δ .
Proof. Observe that there exist C1 > 0 and C2 > 0 such that if d(x,W ) >
C1p
−1/2, then
(3.5) φp(x) ≥ C2p1/2d(x,W )2.
Indeed, by (3.4) and (3.2), there exists a > 0 such that
p(τ(x)− τ0)− µp + α0(x) ≥ a0pd(x,W )2 − a, x ∈ X
Therefore, if d(x,W ) > C1p
−1/2 with C1 = (2a/a0)1/2, then
p(τ(x)− τ0)− µp + α0(x) ≥ 1
2
a0pd(x,W )
2.
In particular, for such x,
(3.6) p(τ(x)− τ0)− µp + α0(x) ≥ a.
It remains to observe that, for the metric GW = d(x,W )
2g, the distance
function dW to W satisfies the estimate
dW (x) > C0d(x,W )
2.
with some C0 > 0. It completes the proof of (3.5).
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Using (3.4), it is easy to see that there exists c1 > 0 such that, if p(τ(x)−
τ0) − µp + α0(x) < 0, then d(x,W ) < c1p−1/2. In other words, we have an
inclusion
(3.7) Up ⊂Wc1p−1/2 .
Without loss of generality, we can assume that c1 > C1, that is, (3.5) holds
for any x ∈ X \Wc1p−1/2 .
It is clear that there exists a1 > 0 such that
τ(x)− τ0 ≤ a1d(x,W )2, x ∈ X.
Therefore. there exists K > 0 such that, for any p and x ∈ Up,
|p(τ(x)− τ0)− µp + α0(x)| < K.
Using this estimate, for the right hand side of (3.3), we get
(3.8)
∫
X
[p(τ(x)− τ0)− µp + α0(x)]−|up(x)|2dvX(x)
≤ K
∫
Up
|up(x)|2dvX(x) ≤ K.
For the left hand side of (3.3), using (3.5), (3.6) and (3.7) and setting ε =
1/2, we get
(3.9)
∫
X
[p(τ(x)− τ0)− µp + α0(x)]+e2εφp(x)|up(x)|2dvX(x)
≥ a
∫
X\W
c1p
−1/2
eC2p
1/2d(x,W )2 |up(x)|2dvX(x).
Combining (3.8) and (3.9), we infer that
(3.10)
∫
X\W
c1p
−1/2
eC2p
1/2d(x,W )2 |up(x)|2dvX(x) ≤ K
a
.
Take any δ > 0. Then, if d(x,W ) > cp−1/4+δ, then p1/2d(x,W )2 > cp2δ and
there exists p0 ∈ N such that d(x,W ) > c1p−1/2 for any p > p0. Therefore,
for any p > p0, we get∫
X\W
cp−1/4+δ
eC2cp
2δ |up(x)|2dvX(x)
<
∫
X\W
c1p
−1/2
eC2p
1/2d(x,W )2 |up(x)|2dvX(x).
Combining with (3.10), this immediately completes the proof. 
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3.2. Reduction to the lowest Landau level. The renormalized Bochner
Laplacian ∆p is a second order differential opertor acting on C
∞(X,Lp) by
(3.11) ∆p = ∆
Lp − pτ.
This operator was introduced by V. Guillemin and A. Uribe in [4]. When
(X,ω) is a Kaehler manifold, it is twice the corresponding Kodaira Laplacian
on functions L
p
= ∂¯L
p∗∂¯Lp .
Denote by σ(∆p) the spectrum of ∆p in L
2(X,Lp). Put
(3.12) µ0 = inf
u∈TxX,x∈X
iRLx (u, J(x)u)
|u|2g
.
By [16, Cor. 1.2], there exists a constant CL > 0 such that for any p
(3.13) σ(∆p) ⊂ [−CL, CL] ∩ [2pµ0 − CL,+∞).
Consider the finite-dimensional vector subspace Hp ⊂ L2(X,Lp) spanned
by the eigensections of ∆p corresponding to eigenvalues in [−CL, CL]. Let
PHp be the orthogonal projection from L2(X,Lp) onto Hp (the generalized
Bergman projection of ∆p).
Proposition 3.3. Suppose that Assumption 2 holds. Let λp be a sequence
of eigenvalues of ∆L
p
such that
λp = pτ0 + µp, µp = O(1)
and let up be an associated normalized eigenfunction. Then, for any δ ∈
(0, 1/2),
(3.14) (PHp∆
LpPHpup, up) ≤ λp +O(p−1/2+δ).
Proof. By the IMS localization formula, we have
(3.15) λp = (∆
Lpup, up) = (PHp∆
LpPHpup, up)
+ ((I − PHp)∆L
p
(I − PHp)up, up) + p([τ, [τ, PHp ]]up, up).
Let us estimate the last term in the right-hand side of (3.15).
Lemma 3.4. For any δ ∈ (0, 1/2), there exists C1 > 0 and p1 ∈ N such
that, for all p > p1,
|([τ, [τ, PHp ]]up, up)| ≤ C1p−3/2+2δ.
Proof. It is easy to see that
([τ, [τ, PHp ]]up, up) =
∫
X
∫
X
(τ(x)− τ(y))2Pp(x, y)up(x)up(y)dvX(x)dvX (y),
where Pp is the smooth kernel of the operator PHp (the generalized Bergman
kernel of ∆p).
By Lemma 3.2, we have, for any δ > 0,
([τ, [τ, PHp ]]up, up)
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=
∫
W
cp−1/4+δ
∫
W
cp−1/4+δ
(τ(x) − τ(y))2Pp(x, y)up(x)up(y)dvX(x)dvX (y)
+O(e−αp2δ ).
By Schur’s test, we conclude
([τ, [τ, PHp ]]up, up)
≤ sup
x∈W
cp−1/4+δ
∫
W
cp−1/4+δ
(τ(x)− τ(y))2Pp(x, y)dvX (y) +O(e−αp2δ ),
so it remains to estimate the integral
I =
∫
W
cp−1/4+δ
(τ(x)− τ(y))2Pp(x, y)dvX(y)
uniformly on x ∈Wcp−1/4+δ .
By [14], there exist C > 0 and β > 0 such that, for any p ≥ 1, we have
|Pp(x, y)| ≤ Cpn exp(−β√pd(x, y)), x, y ∈ X.
Since dτx0 = 0 for any x0 ∈ W , for any x ∈ Wcp−1/4+δ and y ∈ Wcp−1/4+δ ,
we have an estimate
|τ(x)− τ(y)| ≤ sup
z∈W
cp−1/4+δ
|dτz| d(x, y) ≤ cp−1/4+δd(x, y).
Thus, we get
I ≤ C2p−1/2+2δ sup
x∈W
cp−1/4+δ
∫
X
pnd(x, y)2 exp(−β√pd(x, y)) dvX (y)
≤ C3p−3/2+2δ,
that completes the proof of the lemma. 
Fix δ ∈ (0, 1/2). By (3.15) and Lemma 3.4, we have
(∆L
p
PHpup, PHpup) + (∆
Lp(I − PHp)up, (I − PHp)up) ≤ λp +O(p−1/2+δ)
By (3.11), for the left-hand side of the last estimate, we have
(∆L
p
PHpup, PHpup) + (∆
Lp(I − PHp)up, (I − PHp)up)
=(∆pPHpup, PHpup) + (∆p(I − PHp)up, (I − PHp)up)
+ p(τPHpup, PHpup) + p(τ(I − PHp)up, (I − PHp)up)
≥(∆pPHpup, PHpup) + (∆p(I − PHp)up, (I − PHp)up) + pτ0.
Therefore, it gives
(3.16) (∆pPHpup, PHpup) + (∆p(I − PHp)up, (I − PHp)up)
≤ µp +O(p−1/2+δ) = O(1).
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By (3.13) and the definition of PHp , we get estimates
(3.17) (∆pPHpup, PHpup) ≥ −CL‖PHpup‖2 ≥ −CL
and
(3.18) (∆p(I − PHp)up, (I − PHp)up) ≥ (2pµ0 − CL)‖(I − PHp)up‖2.
By (3.16) and (3.17), it follows that
(3.19) (∆p(I − PHp)up, (I − PHp)up) ≤ µp +O(p−1/2+δ) = O(1)
From (3.19) and (3.18), we infer that
‖(I − PHp)up‖ = O(p−1/2) and up = PHpup +O(p−1/2).
Using these facts, by (3.15) and Lemma 3.4, we get (3.14). 
Proposition 3.5. Under Assumption 2, if for any j ∈ N we have
(3.20) λj(∆
Lp) = pτ0 +O(1),
then, for any j ∈ N and δ ∈ (0, 1/2), there exists C > 0 such that
λj(PHp∆
LpPHp)− Cp−1/2+δ ≤ λj(∆L
p
) ≤ λj(PHp∆L
p
PHp), p→∞.
Proof. The first inequality is an immediate consequence of Proposition 3.3
applied to the sequence λp = λj(∆
Lp) and the mini-max principle. The
second inequality is well-known (see, for instance, [22, Theorem XIII.3]),
the Rayleigh-Ritz technique). 
The fact that the eigenvalues λj(∆
Lp) satisfy the condition (3.20) un-
der Assumption 1 is an easy consequence of Theorem 2.1 (see Remark 2.3).
Actually, one can show that they satisfy the condition (3.20) under Assump-
tion 2. The proof will be given in a forthcoming paper.
3.3. The case of discrete wells. Now we return to the case of discrete
wells and complete the proof of Theorem 1.1. So we suppose that Assump-
tion 1 holds. Proposition 3.5 reduces our considerations to the operator
PHp∆L
p
PHp .
Now we will use the algebra of Toeplitz operators on X associated with
the renormalized Bochner Laplacian ∆p, which was constructed in [11, 12].
By definition, a Toeplitz operator is a sequence {Tp} = {Tp}p∈N of bounded
linear operators Tp : L
2(X,Lp) → L2(X,Lp), such that Tp = PHpTpPHp for
any p ∈ N and there exists a sequence gl ∈ C∞(X) such that
Tp = PHp
( ∞∑
l=0
p−lgl
)
PHp +O(p−∞),
which means that, for any natural k, there exists Ck > 0 such that, for any
p ∈ N, ∥∥∥∥∥Tp − PHp
(
k∑
l=0
p−lgl
)
PHp
∥∥∥∥∥ ≤ Ckp−k−1.
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One can write
(3.21) p−1PHp∆
LpPHp = p
−1PHp∆pPHp + PHp(τ − τ0)PHp + τ0PHp .
The crucial fact is that the operator PHp∆pPHp = ∆pPHp is a Toeplitz oper-
ator. This was proved in [12], extending previous results of [16]. Therefore,
the operator p−1PHp∆L
p
PHp is a Toeplitz operator in the above sense.
In [13], the author studied the asymptotic behavior, in the semiclassi-
cal limit, of low-lying eigenvalues of a self-adjoint Toeplitz operator un-
der assumption that its principal symbol has a non-degenerate minimum
with discrete wells. We can apply these results to get lower estimates for
λj(PHp∆pPHp). Let us briefly recall the relevant results from [13].
Suppose that Tp is a self-adjoint Toeplitz operator:
(3.22) Tp = PHp
( ∞∑
l=0
p−lgl
)
PHp +O(p−∞),
with principal symbol g0 = h. Assume that the principal symbol h satisfies
the condition:
(3.23) min
x∈X
h(x) = 0.
For each non-degenerate minimum x0 of h:
h(x0) = 0, Hess h(x0) > 0,
one can define the model operator for {Tp} at x0 in the following way.
Recall that Lx0 is a second order differential operator in C∞(Tx0X) given
by (1.2) and Px0 is the orthogonal projection in L2(Tx0X) to the kernel
of Lx0 . The model operator for {Tp} at x0 is the Toeplitz operator Tx0 in
L2(Tx0X) given by
(3.24) Tx0 = Px0(qx0(Z) + g1(x0))Px0 ,
where
qx0(Z) =
(
1
2
Hess h(x0)Z,Z
)
is a positive quadratic form on Tx0X
∼= R2n and g1 is the second coefficient
in the asymptotic expansion (3.22).
Now suppose that a self-adjoint Toeplitz operator Tp with the princi-
pal symbol h, satisfying (3.23), such that each minimum is non-degenerate.
Then the set U0 = h
−1(0) is a finite set of points:
U0 = {x1, . . . , xN}.
Let T be the self-adjoint operator on L2(Tx1X) ⊕ . . . ⊕ L2(TxNX) defined
by
T = Tx1 ⊕ . . .⊕ TxN .
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Let {λmp } be the increasing sequence of the eigenvalues of Tp on Hp
(counted with multiplicities) and {µm} the increasing sequence of the eigen-
values of T (counted with multiplicities). By Theorem 1.5 of [13], for any
fixed m, λmp has an asymptotic expansion, when p→∞, of the form
(3.25) λmp = p
−1µm + p−3/2φm +O(p−2)
with some φm ∈ R.
Now we apply this result to the Toeplitz operator
Dp = p
−1PHp∆pPHp + PHp(τ − τ0)PHp
under Assumptions 1 and 2. Its principal symbol h(x) = τ(x)− τ0 satisfies
(3.23) and each minimum is non-degenerate, U0 = W . One can easily find
the first two terms of the asymptotic expansion (3.22) for the operator Dp:
Dp = PHp
(
τ(x)− τ0 + p−1d1
)
PHp +O(p−2),
where d1 is the principal symbol of the operator PHp∆pPHp .
To find d1, we use a near-diagonal asymptotic expansion of the smooth
kernel P1,p(x, x
′), x, x′ ∈ X of the operator ∆pPHp with respect to the Rie-
mannian volume form dvX [16, 12]. In normal coordinates near an arbitrary
point x0 ∈ X introduced in Section 2.2, the kernel P1,p(x, x′) induces a
smooth function P1,p,x0(Z,Z
′) on the set of all Z,Z ′ ∈ Tx0X with x0 ∈ X
and |Z|, |Z ′| < aX . By [12, Theorem 1.1], for any k ∈ N and x0 ∈ X, we
have
(3.26) p−nP1,p,x0(Z,Z
′) ∼=
k∑
r=2
F1,r,x0(
√
pZ,
√
pZ ′)κ−
1
2 (Z)κ−
1
2 (Z ′)p−
r
2
+1,
This means that there exist ε ∈ (0, aX ] and C0 > 0 with the following
property: for any l ∈ N, there exist C > 0 and M > 0 such that for any
x0 ∈ X, p ≥ 1 and Z,Z ′ ∈ Tx0X, |Z|, |Z ′| < ε, we have∣∣∣∣∣p−nP1,p,x0(Z,Z ′)κ
1
2
x0(Z)κ
1
2
x0(Z
′)−
k∑
r=2
F1,r,x0(
√
pZ,
√
pZ ′)p−
r
2
+1
∣∣∣∣∣
Cl(X)
≤ Cp− k+12 (1 +√p|Z|+√p|Z ′|)M exp(−
√
C0p|Z − Z ′|) +O(p−∞).
By [16, Theorem 1.18], the function F1,2,x0(Z,Z
′) coincides with the
Schwartz kernel of the operator F1,2 defined by (2.12). Moreover, it has
the form
(3.27) F1,2,x0(Z,Z
′) = J1,2,x0(Z,Z
′)Px0(Z,Z ′),
where J1,2,x0(Z,Z
′) is an even polynomial in Z,Z ′. Finally, as shown in [12,
Theorem 6.5] and [11, Proposition 4.3], for all x0 ∈ X and Z,Z ′ ∈ Tx0X,
(3.28) J1,2,x0(Z,Z
′) = J1,2,x0(0, 0) =: J1,2(x0),
and the principal symbol d1 of ∆pPHp is given by
(3.29) d1 = J1,2.
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Thus, we see that the model operator for the Toeplitz operator Dp at
x0 given by (3.24) coincides with the operator Dx0 given by (1.6) with J1,2
defined by (3.28).
Applying Theorem 1.5 of [13] (cf. (3.25)) to the operator Dp, we infer
that
λj(PHp(∆p + p(τ − τ0))PHp) = µj +O(p−1/2),
where µj are the eigenvalues of the operator D given by (1.7). By (3.21), it
follows that
λj(PHp∆
LpPHp) = pτ0 + µj +O(p−1/2).
By Proposition 3.5, for any j ∈ N and δ ∈ (0, 1/2), there exists C > 0 such
that
(3.30) λj(∆
Lp) ≥ pτ0 + µj − Cp−1/2+δ.
Theorem 1.1 follows from this estimate and Theorem 2.1 with a standard
argument. Let us briefly recall it.
Fix j ∈ N and δ ∈ (0, 1/2). By (3.30) and Theorem 2.1, there exist
Cj1 > 0 and pj1 ∈ N such that, for any p > pj1,
Ij
⋂
σ(∆L
p
) = {λj(∆Lp)},
where
Ij =
(
pτ0 + µj − Cj1p−1/2+δ, pτ0 + µj + Cj1p−1/2
)
.
On the other hand, by Corollary 2.2, for any natural j, there exist Cj2 > 0
and pj2 > 0 such that, for any p > pj2,
dist(pτ0 + µj, σ(∆
Lp)) ≤ Cj2p−1/2.
Without loss of generality, we can assume that, for any p > max(pj1, pj2),
(pτ0 + µj − Cj2p−1/2, pτ0 + µj + Cj2p−1/2) ∩ Iℓ = ∅,∀ℓ 6= j.
Hence, for any p > max(pj1, pj2), λj(∆
Lp) is the point of Spec(∆L
p
), closest
to pτ0 + µj. It follows that
|λj(∆Lp)− (pτ0 + µj)| ≤ Cj2p−1/2, p > max(pj1, pj2) ,
that proves (1.8).
The expansion (1.9) is proved similarly.
In the end of this section, we recall the formula for F1,2 obtained in [16,
Subsection 2.1]. Put
∂
∂zj
=
1
2
(
∂
∂Z2j−1
− i ∂
∂Z2j
)
,
∂
∂zj
=
1
2
(
∂
∂Z2j−1
+ i
∂
∂Z2j
)
.
Define first order differential operators bj , b
+
j , j = 1, . . . , n, on Tx0X by
bj = −2∇ ∂
∂zj
−RLx0(R, ∂∂zj ) = −2 ∂∂zj +
1
2
ajzj,
b+j = 2∇ ∂
∂zj
+RLx0(R, ∂∂zj ) = 2 ∂∂zj +
1
2
ajzj .
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So we can write
Lx0 =
n∑
j=1
bjb
+
j , τ(x0) =
n∑
j=1
aj.
Then we have (see (2.12) in [16])
F1,2,x0(Z,Z
′) = [Px0F1,2,x0Px0 ](Z,Z ′),
where F1,2,x0 is an unbounded linear operator in L2(Tx0X) given by
F1,2,x0 = 4
〈
RTXx0
(
∂
∂zj
,
∂
∂zk
)
∂
∂zj
,
∂
∂zk
〉
+
〈
(∇X∇XJ )(R,R)
∂
∂zj
,
∂
∂zj
〉
+
i
4
tr|TX
(
∇X∇X(JJ )
)
(R,R)
+
1
9
|(∇XRJ )R|2 +
4
9
n∑
j=1
〈
(∇XRJ )R,
∂
∂zj
〉
b+j L−1x0 bj
〈
(∇XRJ )R,
∂
∂zj
〉
.
A more explicit computation of J1,2 will be given elsewhere.
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